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The loading at £„ is given by

7/F=.

0.6

(16)
The factor fn differs from unity primarily near the leading

edge n = 1, and secondarily near the trailing edge n = N.
For N = 10, fn varies as

n
fn

n
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1

1.128
6

2
1.009

7
1.000 0.999

3 4 5
1.003 1.001 1.000

8 9 10
0.998 0.995 0.977

For other N values, /i varies as,
AT 1 2 3 4 5 10 15
/! 1.103 1.123 1.127 1.127 1.128 1.128 1.128

The fn factors can be applied directly to finite aspect ratio
lifting surface theories that are based on elemental'horseshoe
vortices, constant vorticity panels, or for multiple load and
downwash lines as in Ref. 2. In Ref. 2, a 2-line loading
theory is derived for a load-line which can be any arbitrary
function of the lateral coordinate. A 2AMine theory (N load
lines, N downwash lines) is the superimposition of the 2-line
theory along the chord, distributed as in Fig. 1. The circula-
tion at each of the N load lines is factored by /« to obtain the
chord wise loading at £n.
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Effect of Unsteady Pressure Gradient
Reduction on Dynamic Stall Delay

FRANKLIN O. CARTA*
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East Hartford, Conn.

Nomenclature
= dimensionless pivot axis location in semichords, positive

aft
= unsteady pressure coefficient
= quasi-steady pressure coefficient
= real part of Theodorsen function
= imaginary part of Theodoresen function
= reduced frequency, product of semichord and frequency

divided by velocity
= pressure gradient ratio
= time, sec
= dimensionless chord position in semichords, positive aft

a — pitch angle, positive nose up, rad or deg
co = pitching frequency, rad/sec
( )* = complex quantity
(~~) = time-independent quantity

Introduction

THE unsteady dynamic stall phenomenon has been the
subject of a number of recent investigations. Of par-

ticular interest is the apparent delay in stall on an airfoil mov-
ing through the steady-state stall regime with positive angular
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Fig. 1 Instantaneous pressure distribution at cot = llw/6.

velocity. This has been observed whether the airfoil is oscil-
lating harmonically1"8 or increasing its angle of attack
monotonically.4'5

In a recent theoretical study Ham6 was able to explain
many of the features of moment reversal on an oscillating air-
foil operating above the stall angle by postulating a continu-
ously shed vortex sheet from the airfoil leading edge. How-
ever, he was unable to derive a criterion for the delay between
the time the steady stall angle is exceeded and the time the
vortex sheet begins to be shed. Isogai7 has indicated that
the delay is associated with the formation and movement of
an unsteady separation bubble. However, one remaining
unknown in his investigation is the way in which the separa-
tion bubble moves against the adverse pressure gradient with-
out separating the boundary layer until well beyond the
steady-state stall angle.

In this Note a possible theoretical mechanism for the delay
in dynamic stall is discussed. The theory is confined to a
comparison of the unsteady and quasi-steady chordwise po-
tential flow pressure distributions. It is shown that the un-
steady pressure gradient over the forward portion of the air-
foil is less unfavorable than the steady pressure gradient.
Hence, it can be inferred that a measurable stall margin exists
for an unsteady motion relative to the steady state stalling
angle, and that this stall margin increases with frequency.

Analysis
Theoretical pressure distributions

We can write the unsteady (or quasi-steady) pressure co-
efficient in the standard exponential form

where Cp is the pressure difference divided by the freestream
dynamic pressure. The time-independent unsteady pressure
coefficient, CP*, for a pitching oscillation of amplitude a is a
complex function, reflecting the phase shift between pressure
response and position. This is given by8

Cp* = 45 {/c2 [a - (x/2)](l - z2)1/2 +
[F - kG(% - a)][(l - x)/(l + z)]1/2} + 4ia{2/c(l - z2)1/2 +

[G + kF$ - a) - Jb/2][(l - *)/(! + *)]1/2} (2)
where F and G are the real and imaginary parts of the Theo-
dorsen function.9 In the limit as k -*• 0, Eq. (2) reduces to
the quasi-steady form

CPs = 4ffi[(l -&)/(! +*)]1/2 (3)
It is assumed here that the motion is a harmonic function of
time, given by

a* = aei(at (4)
In an actual measurement on an oscillating airfoil the motion
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Fig. 2 Instantaneous pressure gradient ratio at cut
llTT/6.

will vary as the real part of Eq. (4)

a = a cosco£ (5)

and the corresponding measured unsteady pressure coefficient
will be obtained by inserting Eq. (2) into Eq. (1) and taking
the real part

[F - kG$ - a)][(l - x)/(l + a;)]1/2} coscoi -
4a{2/c(l - z2)1/2 + [G + kF$ - a) -

- x)/(\ + z)]1/2} sincoi (6)

For comparison the quasi-steady measured pressure would be
obtained by inserting Eq. (3) into Eq. (1) and again taking
the real part

CPs = 45[(1 - x)/(\ + z)]1/2 coscoi (7)

The critical point in the motion for stall delay occurs near
the peak value of a for a > 0. From Eq. (5) this would lie
in the range 57T/3 < co£ < 2<jr (i.e., from 300° to 360° on a
cosine wave, or from 30° to 90° on a sine wave), and for
brevity here we choose the midpoint of the range, or wf =
llTT/6, for our numerical example. (Similar results would be
obtained for other points in this critical part of the motion.)
In this case we have specified a quarter chord pivot axis (a =
—J), a torsional amplitude of 2° (a = Tr/90 rad), and a re-
duced frequency of k = 0.3. In Fig. 1 the instantaneous un-
steady pressure distribution for these conditions from Eq. (6)
is plotted as a solid line, and the corresponding quasi-steady
pressure distribution from Eq. (7) is plotted as a dashed line.
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It is seen that over much of the chord the magnitude of the
negative steady slope appears to exceed the magnitude of the
negative unsteady slope, implying that the unsteady pressure
gradient is less unfavorable than the steady pressure gradient.

Theoretical pressure gradients

To verify the assertion made above it is a simple matter to
compute the derivatives of Eqs. (6) and (7) to obtain

dCP/dx = [4a/(l + z)(l - z2)1/2]{ |7c2(z2 - ax - J) X
(1 + x) - F + fcG(i - a)] cosco* + [2kx(l +&) +

G + fcF& - a) - fy/2] sincoZ} (8)
dCJdx = - [4S/(1 + x)(l - x2)1/2] cosco* (9)

If we divide Eq. (8) by Eq. (9) we can eliminate the leading
and trailing-edge singularities and at the same time provide a
direct comparison between the quasi-steady and the unsteady
pressure gradient. This ratio is given by

8 SEES (dCP/dx)/(dCPs/dx) = F - fc(?(J - a) -
/b2(z2 - ax - J)(l + x) - [G + kF(± - a) -

(fc/2) + 2fec(l + x)] tanco* (10)

In the case of an unfavorable gradient near the leading edge,
a value of S < 1 means that the unsteady pressure gradient is
less unfavorable than the quasi-steady gradient.

This pressure gradient ratio is plotted vs chord in Fig. 2 for
the same parameters used in Fig. 1. It is clear that over the
forward 70% of the chord S is considerably less than 1, and
in fact is approximately equal to 0.6 over the forward 50% of
the chord. Now, assume that at this point in a quasi-steady
motion an airfoil had just reached its separation point some-
where near the leading edge. The same airfoil reaching this
point in an unsteady motion at k = 0.3 would have acting on
its forward portion an unfavorable pressure gradient that was
approximately 40% smaller than that which caused separa-
tion during the quasi-steady motion. Thus, we would expect
the stall to be considerably delayed on the unsteady airfoil
relative to the stall of the quasi-steady airfoil.

The effect of a variation in reduced frequency on S is shown
in Fig. 3. Here Eq. (10) has been plotted vs k for the leading
edge point, x = — 1. It is seen that S decreases mono-
tonically with k with the largest decrease taking place between
k = 0 and k = 0.2. This implies that a significant stall delay
would be possible even at low reduced frequencies, a phe-
nomenon that has been observed many times in practice.

Conclusion

A quantitative prediction of the angular stall delay is be-
yond the scope of this short Note. Many unknown factors
enter into such a computation including the variation in
chord wise separation point with angle of attack and, more
importantly, the unsteady boundary-layer response. A solu-
tion involving these considerations would be both difficult and
nonlinear. Nevertheless, it is clear that the mechanism in-
volved in dynamic stall delay is the large reduction of un-
favorable pressure gradient during any unsteady motion.
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Thermal Buckling of Rotating
Orthotropic Annular Plates

ERNEST B. UTHGENANNT*
United Aircraft Corporation, East Hartford, Conn.

Introduction

THE literature dealing with thermal buckling of circular
plates is, indeed, very scarce. Mansfield1 considered the

buckling of a heated circular plate subjected to a tempera-
ture which varies parabolically in its plane. Sarkar2 dealt
with the buckling of a circular plate under inplane com-
pression and subjected to temperature distributions along the
radius and through the thickness of the plate. Bogdanoff,
et al.,3 determined whether a given radial temperature gradi-
ent will cause lateral buckling of a rotating disk. In this
Note the thermal gradient required to cause buckling of a
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Fig. 2 Thermal
buckling parameter
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rotating orthotropic annular plate is calculated. The plate is
also subjected to an external pull load applied at the outer
periphery of the plate. A constant thickness plate is con-
sidered; however, the method described in this Note can
easily be extended to include plates of variable thickness.

Analysis

The governing axisymmetric equation in terms of the
deflection w and the stresses ar and CTQ, including rotational
effects, is

Aw = (h/Dr)(o-rd*w/dr* + ae(l/r)(dw/dr) +
yw*rdw/dr) (1)

where

A = dVtfr4 + (2/r)(d»Afr3) - P/r*[d*/dr* - (l/r)(d/dr)]
r,0 = radial and circumferential coordinates, respectively,
Dr = Erh*/I2(l - vrover), P = #0/#r, E9,Er = moduli of
elasticity in the circumferential and radial directions, respec-
tively, vro,ver = Poisson's ratios, h = plate thickness, y =
mass density, co == rotational velocity.

The stresses, including a parabolic radial temperature distri-
bution and rotational effects, are given by

(2)

0-0 = rd(7r/dr

where: a = coefficient of thermal expansion assumed to be
directionally independent; g = temperature gradient coeffi-
cient; $ 7* 3; Ci and C% are determined from the loading
conditions at the inner edge (r = b) and the outer edge (r =
a).

Substituting the stresses into Eq. (1) and writing the result-
ing equation in nondimensional form gives

IP
dw

V = A with p substituted for r; C3 = Cial+fth/Dr',
(3 + Vro)yo>*ha'/[Dr(9 - /32)]; X =

where
ri __ _

E*xgW/[Dr(9 -V)]; p'= 'r/'a.


